Existing studies reveal that the shape corners of hexagonal fiber affect the degree of constraint on the matrix material. However, none of these studies included the effect of orientation of hexagonal fibers. In this study, a computational micromechanics model of oriented hexagonal fibers in periodic unidirectional composite materials is established for the determination of effective orthotropic elastic properties of the composite. In the present numerical modeling, the representative unit composite cell including the matrix material and the single oriented hexagonal fiber or random oriented hexagonal fibers is solved by micro-scale finite element analysis with different stress loads and periodic displacement boundary conditions, which are applied along the cell boundary to meet the requirement of straight-line constraint during deformation of the cell. Subsequently, the effective elastic properties of the composite are evaluated for periodic regular packing and random packing using the homogenization approach for investigating the influence of unified orientation and random orientation of the hexagonal fibers on the overall elastic properties of the fiber-reinforced composites. The numerical results are verified by comparing with other available results.
INTRODUCTION
Multifunctional composite materials like unidirectional fiber-reinforced composites have been well developed for engineering applications [1] [2] [3] [4] . As one of non-circular fibers, hexagonal fibers such as micro-scale glass (silica) fibers [5] and drawn steel fibers [6] are widely investigated for their shape effect on such composites [7, 8] . However, due to the complex geometry of hexagonal cross-section, computational microme-investigated the effect of fiber distribution and crosssectional geometry on the deformation of a metal-matrix composite reinforced with continuous fibers and concluded that fiber distribution has relatively stronger response than fiber shape [8] . Different to finite element discretization of composite domain, Dong studied the fiber shape effect using boundary element method [14] , which is based on boundary discretization of each material subdomain. These results indicated that the shape change of fibers from circular shape to hexagonal shape maybe can't markedly promote thermal or mechanical properties of composites, but shape corners of hexagonal fibers affect the degree of bond on the matrix material [6, 7] . However, none of these studies included the effect of orientation of hexagonal fibers. In fact, the hexagonal cross-section has a geometric feature of limited symmetry, compared to the perfectly symmetrical circular cross-section, and the fibers normally are randomly distributed through the matrix in certain rotating angles, and are highly dependent upon the manufacturing process. Therefore, it is necessary to study the effect of orientation of hexagonal fibers on composites.
This study focuses on the investigation of the orientation effect of hexagonal fibers on effective elastic properties of unidirectional fiber-reinforced composites by means of the standard finite element analysis as well as the homogenization approach. The oriented hexagonal fibers are assumed to be simply or randomly distributed [15, 16] in the matrix, so that a representative unit composite cell including single oriented hexagonal fiber or multiple oriented hexagonal fibers can be isolated from the composite for computational efficiency. Subsequently, the isolated unit cell is numerically analyzed for various oriented angles of the hexagonal fibers under conditions of small and large fiber volume fractions, and low and high stiffness contrast between the fiber and the matrix, and then the effective orthotropic elastic properties of the composite are obtained from specified constant stress and strain states. During the procedure, the homogenization method originally developed by Chen and Lee [17] is employed for determining the unknown boundary displacement constraints which are introduced for periodic straight-edge displacement constraint conditions during deformation. The calculation is performed using the commercial finite element software ABAQUS ® . The paper is organized as follows: the next section introduces the micromechanical modeling of the unidirectional composite with periodic oriented hexagonal fibers in matrix, the third section identifies the effective mechanical properties of the composite by the orthotropic stress-strain relation and the fourth section reviews the homogenization approach for establishing the relation of unknown boundary displacement constraints and specified constant stress states. Finally, Sections 5 discusses the resulting influences of the single oriented hexagonal fiber and the multiple oriented hexagonal fibers on the composite and Sections 6 summarizes the conclusions.
MICROMECHANICAL MODELING OF THE COMPOSITE
In the present study, a unidirectional fiber reinforced composite with oriented hexagonal fillers is taken into consideration for investigating the orientation effect of hexagon fibers on the overall elastic properties of the composite. It is assumed that the composite has perfectly periodic square arrangement of oriented hexagonal fibers in the matrix material so that it offers the choice that actual calculation of the overall elastic properties of the composite can be performed in a relatively small level by a unit composite cell which can be repeated throughout the whole volume of composite. As an example, Fig. 1 demonstrates the microstructure of the composite filled with hexagonal fibers with unified orientation. It's seen in Fig. 1 that the hexagon fiber has an oriented angle which is referred to a fixed position described in dash line. In the micromechanics modeling, both the fibers and the matrix are isotropic elastic materials, and the corresponding elastic parameters are respectively denoted by E (I) , v (I) , E (M) , and v (M) . Additionally, the fibers are assumed to be perfectly bonded to the matrix. Correspondingly, due to the square periodicity of the composite, a representative unit cell referred to Cartesian coordinate system (x 1 , x 2 ) taken from the composite for analysis. The cell is a typical unit of the composite because it has the same material properties and fiber volume fraction as the composite under consideration and can be repeated for constructing the composite. Figure 2 shows the unit square cell with side length of 2a. On the cell outmost boundary, the periodic boundary conditions are respectively applied for uniform tension and in-plane shear deformations [10, 14, 17, 18] , as shown in Fig. 2 . Here, V1 u , V2 u , H1 u , and H2 u are respectively unknown constant displacement constraints, which are introduced to keep the opposite edges straight during the cell deformation. 
EFFECTIVE MECHANICAL PROPERTIES OF THE COMPOSITE
Because the composite containing periodic array of oriented hexagonal fibers can be modeled as a homogeneous orthotropic medium with certain effective elastic properties which describes average material properties of the composite, the plane orthotropic stress-strain relation over the homogenized orthotropic medium can be described in terms of five effective material engineering constants [19] , i.e. E 1 , E 2 , v 12 , v 21 , and G 12 . E i is the effective orthotropic elastic modulus along the i-direction, v ij is the effective Poisson's ratio corresponding to a contraction in the j-direction when an extension is applied in the i-direction.
G ij is the shear modulus in the j-direction on the plane whose normal is in the i-direction. According to the symmetry theory of orthotropic elastic materials, one has the following basic relation [19] 1 21
In order to determine the elastic constants E 1 and v 12 of the effective homogeneous orthotropic medium, a uniform pure tension load σ 0 along the x 1 direction is considered [20] . The corresponding constant stress state can be described by 11 0 22 12 , 0, 0
Simultaneously, according to strain definition, the constant strain state can be given in terms of the specified boundary displacement constraints
Combing the stress and strain states in Eqs. (2) and (3) yields [20] 11
Similarly, in order to determine the effective elastic properties E 2 and v 21 , an uniform pure tension load σ 0 in the x 2 direction is applied [20] and the corresponding constant stress and strain states are respectively written by 11 22
Combing the stress and strain states in Eqs. (5) and (6) gives [20] 22 0 11 V1 2 2 1 22
Subsequently, to determine the effective shear modulus G 12 , one needs to apply an uniform pure shear stress in the x 1 -x 2 plane [20] , i.e. 
Simultaneously, the constant strain state can be represented by
Combining Eqs. (8) and (9) produces [20] 12
THE HOMOGENIZATION APPROACH
From the procedure in Section 3, it's clear that the five effective engineering constants can be evaluated accord- ing to the specified constant stress and strain states. However, the unknown displacement constraints imposed for the purpose of straight-edge deformation condition hinder the direct computation of them. To handle this difficulty, the homogenization approach originally developed for two-dimensional circular hole problem [17] and then for two-dimensional composite problems involving various inclusions and cracks [14, 18] is introduced to determine these unknown displacement constraints. In this section, the main procedure of the method is briefly described for completeness.
In the approach [14, 17, 18] , there are four submodels used for establishing the relation of unknown boundary displacement constraints and the applied uniform stress loads. Firstly, two submodels related to the tension case in Fig. 2 (a) are introduced (see Fig. 3 ). In the submodel 1, the unit displacements u 2 = 1 and u 2 = -1 along the x 2 direction are respectively specified on the top and bottom edges of the cell, and the left and right edges are fixed along the x 1 direction. The induced stress solutions are denoted by ( 
1) 11
 , ( 
1) 22
 , (1) 12  . Similarly, for the submodel 2, the unit displacements u 1 = 1 and u 1 = -1 along the x 1 direction are respectively specified on the right and left edges of the cell and the remaining edges are fixed along the x 2 direction. The induced stress solutions are named as
 . Secondly, for the in-plane shear case in Fig. 2(b) , another two shear submodels named as submodel 3 and submodel 4 are established, respectively, as displayed in Fig. 3 . In the submodel 3, the unit displacement conditions u 1 = 1 and u 1 = -1 are imposed on the top and bottom edges of the cell, respectively, and the remaining two edges are fixed along the x 2 direction. While, in the submodel 4, u 2 = 1 and u 2 = -1 are specified on the left and right edges of the cell and the top and bottom edges are fixed along the x 1 direction. We assume that For the case of the uniform tension σ 0 along the x 1 direction, the equilibrium relationship of the cell can be expressed as [14, 17, 18] (1) (2) 11 2 2 11 2 2 H2 0
in which the entries of coefficient matrix represent the average values of the stress components on the top and right surfaces. Solving the linear system of equations (11), one can obtain unknown displacements V1 u and
H2
u that vary as a function of the given σ 0 .
In a similar manner, the equilibrium relationship of the cell subject to the uniform tension σ 0 along the x 2 direction can be written as [14, 17, 18] (1) (2) 11 2 2 11 2 2 H2
(1) (2) V1 0 22
from which one can evaluate the second set of unknown displacements V1 u and H2 u by the given σ 0 . Also, the equilibrium relationship of the cell subject to the uniform shear can be written as [14, 17, 18] (3) (4) 12
from which one can obtain the third set of unknown periodicity displacement constraints H1 u and V2 u through the known shear stress τ 0 .
From the above procedure, it's found that the four submodels are needed to be numerically solved, i.e. by the finite element technique [21] or the hybrid finite element technique [22, 23] for stress distributions along the cell boundary, so that the relationship of applied uniform stress states and the constrained displacements can be established. In this study, the micro-scale finite element analysis is performed for solving the four submodels, due to its advantages of convergence and flexibility in dealing with inhomogeneity, complex geometries and coupled boundary conditions.
RESULTS AND DISCUSSION
During micromechanical simulation, the hexagonal inclusion is assumed to be isotropic and has an elastic modulus E (I) = 10 and E (I) = 100 to represent, respectively, a low and a high stiffness contrast between the fiber and matrix materials. The Poisson's ratio of the fiber is v The approximated element size is set to one-hundredth of the side length of hexagonal fiber so that a very dense mesh is generated for numerical simulation. Moreover, the free mesh technique and the advancing front algorithm are employed in ABAQUS ® for obtaining an adequate mesh, especially around the corners of hexagonal inclusions.
Mesh Convergence and Verification
It is well-known that the accuracy of finite element solution increases along with an increase in the mesh density. Thus, it's necessary during finite element analysis to make several models with different densities of elements to examine the convergence of the solution. In this work, the mesh convergence is examined by changing the element size from coarse mesh to fine mesh to produce corresponding finite element solutions of the submodel 1, which is subject to uniform unit tension load along the x 2 direction, as illustrated in Fig. 3 . In each level of finite element size, the Von-Mises stress at the midpoint of the top edge of the square unit composite cell is calculated and results in Fig. 4 clearly show the convergence of the results. The relative error of the von-Mises stress decreases from 0.139% to 0.006%, when the number of elements increases from 371 to 3681. Here, the result with 5369 elements is taken as a reference value for evaluating the relative error.
Besides, in order to verify the computational micromechanical model presented in the paper and show correctness of the numerical results, a comparison with other available results is necessary. Currently, only numerical results from the typical rectangular composite cell with a regular hexagonal inclusion (reference oriented angle) solved by the BEM [14, 24] is available. Table 1 lists the numerical results from the present approach and the BEM and an excellent agreement between them is observed.
Effect of the Orientation of the Hexagonal Fiber with E (I) = 10
In this subsection, the effect of orientation of the single hexagonal fiber on the overall material properties of the composite is studied for the case of low stiffness contrast between the fiber and the matrix, i.e. E (I) /E (M) = 10. First, for a small inclusion volume fraction of φ = 10%, the results in Table 2 show that there are no changes of the overall material properties of the composite when the oriented angle θ varies. Moreover, it's clear that the composite show simple isotropy with E 1 = E 2 , v 12 = v 21 , and 2G 12  E 1 /(1 + v 12 ). The number of elements for computation is about 11000.
Next, for a larger fiber volume fraction, e.g. φ = 50%, the number of elements increases to about 16000 to model the unit cell, and the anisotropic behavior of the composite is observed. Figure 5 shows the variation of the overall material properties of the composite in terms of the oriented angle θ. It should be mentioned that the results corresponding to θ = 60°, provided in Fig. 5 are same as those for θ = 0°. It is observed from Fig. 5 that the elastic modulus and the Poisson's ratio are symmetric with respect to the results for θ = 30°. The maximum deviation of the effective elastic modulus is about 0.88% and the maximum deviation of the effective Poisson's ratio is about 0.92%, compared to the case of θ = 0°. Besides, it can be seen from Fig. 5 that the shear modulus G 12 is also symmetric with respect to θ = 30°, and the deviations between results of various oriented angles can be neglected, because the maximum deviation is only 0.01%. Moreover, from the results in Table 2 and Fig. 5 , we find that the effective elastic moduli and shear mod- ulus of the composite increase when the volume fraction of hexagonal inclusion increases from 10% to 50%, while the effective Poisson's ratios decreases. Finally, the basic relation v 21 E 1 = v 12 E 2 for orthotropic elasticity approximately holds for both φ = 10% and 50%.
Effect of the Orientation of the Hexagonal Fiber with E (I) = 100
Next, the effect of orientation of the hexagonal fiber on the effective elastic properties of the composite is studied for the case of E (I) /E (M) = 100, which corresponds to a large stiffness contrast of the fiber and the matrix. First, the small inclusion volume fraction φ = 10% is accounted for. From the results in Table 3 , we can obtain 21 , and 2G 12  E 1 (1 + v 12 ) . The main reason is that the shape effect of the hexagonal fiber on the boundary stress distribution can be neglected when the fiber volume fraction is relatively small. Besides, from Table 3 , we find that the Young's modulus increases 2.4%, the Poisson's ratio decreases 0.47% and the shear modulus increases 1.93%, when the elastic modulus of the fiber increases 10 times. On the other hand, when the fiber volume fraction increases to 50%, the anisotropic behavior of the composite is observed clearly, satisfying the well known relation v 21 E 1 = v 12 E 2 . Figure 6 shows the variation of the effective elastic properties of the composite for various oriented angles. It is observed from Fig. 6 that the elastic modulus and the Poisson's ratio are symmetric again with respect to the results for θ = 30°. The maximum deviations of the effective elastic modulus and the effective Poisson's ratio are about 1.90% and 1.94%, respectively, compared to the case of θ = 0°. There is similar symmetry of the shear modulus G 12 , and the deviations among the results of various oriented angles can be neglected, because the maximum value of them is just 0.04%. Interestingly, we observed from Fig.  6 that the anisotropy of the composite becomes stronger when the Young's modulus E (I) increases from 10 to 100 and the fiber volume fraction of 50% is kept constant. Moreover, we observed again the increase of the effective elastic moduli and shear modulus of the composite with the increase of the volume fraction of hexagonal inclusion (from 10% to 50%), while the two effective Poisson's ratios decreases with the increase of the fiber volume fraction. In addition, Fig. 7 shows the deformation configuration of the four submodels for the case of φ = 50% and θ = 15° to illustrate effects of the specified boundary displacement constraints on the effective material properties.
Random Distribution of Oriented Hexagonal Fibers
In the final numerical experiment, the randomness of oriented hexagonal fibers in the composite cell is investigated with 50% fiber volume fraction, to make comparison with that related to the single hexagonal fiber without oriented angle. The random distribution of fibers are generated by the disturbing algorithm from originally periodic array [25, 26] . Certainly, other algorithms like the Voronoi diagram and the heuristic algorithm can also be used to generate random distribution [12, 27] . As an example, total twenty-five oriented hexagonal fibers are randomly enclosed in the cell, as illustrated in Fig. 8 . To keep consistence with the study above, we still use 0°, 15°, 30° and 45° for the oriented angle θ of all twenty-five hexagonal fibers in the composite cell. Besides, in Fig. 8(e) , the case of hexagonal fibers with different oriented angles is considered to assess the effect of random orientation of the hexagonal fibers. For such case, each fiber is randomly specified an oriented angle from the angle set [0°, 15°, 30°, 45°]. In addition, the relative difference is defined for result analysis as Fig. 7 The deformation configurations of the four submodels for the case of φ = 50%, E (I) = 100 and θ = 15°.
where f is a specified mechanical quantity of the composite. Firstly, when E (I) = 10 is taken into consideration, numerical results corresponding to the random case are tabulates in Besides, very fine meshes, about 99000 elements, are used for our computation and the number of elements is provided in Table 4 for reference. Secondly, when the elastic modulus of the fiber increases 10 times, that is, E (I) = 100, the effective elastic properties of the composite change dramatically in terms of the oriented angle θ, as indicated in Table 5 . It is observed that the basic relationship of v 21 E 1 = v 12 E 2 still approximately holds with the results in Table 5 , and the relative difference (RD) of each effective elastic parameter becomes bigger than that in Table 4 Additionally, to investigate the influence of the number of fibers in the cell on effective material properties, another randomly distributed composite defined with nine hexagonal fibers in the cell is taken into consideration too and the results are presented in Table 6 . Simultaneously, for the purpose of comparison, the effective elastic properties for the composite of nine and twenty-five circular fibers with same centroids as those of hexagonal fibers within the cell are also investigated with E (I) = 100, as shown in Fig. 8(f) and Table 6 . Results in Tables 5 and 6 indicate that both the number of fibers and the oriented angle of the hexagonal fibers have significant effect on the effective elastic properties of the composite. Same conclusion can be drawn for the change of number of randomly distributed circular fibers, which is no orienting effect, for the case of E (I) = 100.
CONCLUSIONS
The paper reports the investigation on the effect of oriented hexagonal fibers with simple and random distributions on the effective transverse orthotropic material properties of the unidirectional composite under various fiber volume fractions and ratios of elastic modulus of the fiber and the matrix. In the study, the homogenization approach being developed to satisfy the straight-edge constraint during the cell deformation is combined with finite element simulation to solve the unit composite cell in different loading schemes. It can be concluded from the numerical results that: (1) The simple distribution of the hexagonal fiber can represent the perfect isotropy of the composite for the small fiber volume fraction, i.e. 10%, regardless of the oriented angle and the elastic modulus of the hexagonal fiber; While, when the fiber volume fraction increases to 50%, the apparent orthotropic behavior of the composite is observed and becomes stronger with larger elastic modulus of the fiber; More importantly, the results of each mechanical property are symmetrical with respect to those for the 30 oriented angle. (2) For the composite with randomly distributed fibers, it shows stronger orthotropy for both the unified oriented angle and the random oriented angle, compared to the simple fiber distribution. This may be attributed to the strong interaction of hexagonal fibers with singular corners. Moreover, the change of number of fibers within the cell, including both the hexagonal fibers and the circular fibers, also has significant effect on the effective elastic properties of the composite.
